An ungravity-inspired model is employed to examine the astrophysical parameters of white dwarf stars (WDs) using polytropic and degenerate gas approaches. Based on the observed properties such as mass, radius, and luminosity of selected WDs, namely, Sirius B and Reticulum, bounds on the characteristic length and scaling dimension of the ungravity (UG) model are estimated. The UG effect on the Chandrasekhar limit for WDs is shown. The UG model is examined in the study of ultra-massive WDs, e.g., EUVE J1746-706. The UG-inspired model implies that a new location for some WDs on the Hertzsprung-Russell diagram is found.
I. INTRODUCTION
Gravity is a structural element of stellar dynamics. A change in the underlying gravity theory do have important implications for the astrophysical description (see, e.g., Refs.
[1] and references therein). One interesting example is ungravity (UG) [2] . In its pristine form, UG arises from the assumption of coupling between spin-2 unparticles and the stressenergy tensor [3] . In this work, we shall consider the impact of an UG-inspired model on the astrophysics of white dwarfs (WDs). This work follows previous considerations on the effect of an UG-inspired model on the properties of the sun [4] . An UG-inspired model has also been recently considered to address the flyby anomaly [5] .
As will be shown, an UG model allows for the prediction of ultra-massive WDs (UWDs), i.e., WDs with masses above the Chandrasekhar limit (M Ch 1.45M S with M S 2×10 33 g) such as WD 1143+321 with M = 1.52M S [6] 1 . On the other hand, these astrophysical objects allow for setting bounds on the parameters of the UG model.
In this work, the stellar equilibrium equation for WDs is obtained by considering the polytropic and degenerate gas approaches. Bounds on the UG parameters for two typical WDs, namely, Sirius B (SIB) and Reticulum (or HD 27442 B, abbreviated here by HDB)
are found. The effect of UG on the Chandrasekhar mass limit of WDs is examined and UWDs such as EUVE J1746-706 is considered. Our results generalize the study the of Ref. [10] . Furthermore, we show how UG affects the location of a few WDs in the HertzsprungRussell (H-R) diagram. This paper is organized as follows: in section II, the UG model is concisely explained; in section III, the equations of the polytropic and degenerate gas models are presented; in section IV, the UG-modified equilibrium equations for WDs in the framework of both gas models are set up. Finally, our results are presented and discussed in section V.
1 Notice that UWDs in binary systems can have their masses above M Ch by a small amount due to an
II. THE UG MODEL
The essential idea behind the UG model [2] is that a modification of the Newtonian gravitational potential is introduced through the coupling of spin-2 unparticles O U µν [3] to the stress-energy tensor of Standard Model states, T µν . The resulting stress-energy tensor has following form [2] :
where d U and Λ U are the scaling dimension and the energy scale of O U , respectively. In
where M U is the large mass scale and d U V is the dimension of the hidden sector operators of the ultraviolet theory which posses an infrared fixed point [2] . In order to compute the effects of the unparticles to the lowest order correction to the Newtonian gravitational potential, the metric g µν is replaced by the Minkowski metric η 
where G * is the gravitational constant of UG, R * is the length scale which characterizes the UG interactions, and α is associated with d U through α = 2d U − 1. It is obvious, from Eq. (2), that we can recover the ordinary Newtonian gravitational potential by choosing
where R 0 is the distance in which the UG potential, φ * , matches the Newtonian one. As a good approximation, by considering the value of α near unity, we can write G * G/2.
Without loss of generality we set this approximation which allows for obtaining the bounds on the relevant parameters of the UG model as well as the effect of UG on the properties of WDs. Of course, the considered model is inspired on the original UG model, whose effects are expected to take place only at extremely short distances. Recent experiments set very stringent bounds on putative new interactions with ranges at submillimeter scale [11] (see also Ref. [12] for a comparison of the results of searches of new short range interactions and the bounds for ungravity arising from nucleosynthesis considerations); however, these do not conflict with our study as we will consider deviations of the Newtonian force at range in the interval 10 −8 R S R * 10 2 R S , where R S is the radius of the sun.
III. THE GAS MODELS
A WD is considered as a mixture gas of ions and electrons which deviates from an ideal gas. The equilibrium of this compact object is ensured by the pressure, = 2). Some heavier elements can be produced during a pycnonuclear reaction process under which WDs evolve, on a very long timescale, through zero temperature nuclear reactions in which lattice vibrations yield a small, but finite probability of Coulomb barrier tunneling [6, 14] . In this work, we assume that a WD is at zero-temperature and behaves as a neutral gas of non-interacting electrons and bounded nucleons in nuclei of which the composition parameter is µ e = 2. The electrons, whether they are relativistic or not, contribute virtually to the entire pressure of the WD, while the bounded nucleons contribute virtually to all the WD energy density, given by µ e m H c 2 n e , where m H is the atomic mass of the hydrogen ion, and n e as the density of electrons. We assume either the polytropic or the degenerate gas models to establish the Newtonian hydrostatic equilibrium (NHE) equation, for the WDs. In Sec. IV, the validity of the NHE equation for WDs will be investigated. For a static Newtonian star, the NHE equation is given by [13] :
where a further derivative with respect to r leads to the usual form of NHE equation:
Next, we consider the two gas models.
A. Polytropic gas model
According to the polytropic gas model, the pressure depends on the density, ρ, as follows [13] :
where n is the polytropic index and K is a constant factor. With this equation of state (EoS), we can obtain the well-known form of the Lane-Emden (LE) equation. In order to do this, we introduce two dimensionless variables, θ, and, ξ, to express the density and radial distance with respect to the center of star values, respectively:
where ρ c is the density at the center of a star and
. The pressure of a polytropic gas reads
where P c = Kρ
. Substituting Eqs. (7)- (9) into Eq. (5) yields the well known LE equations:
The above differential equation should be solved submitted to the following boundary 
Using relation dM (r) = 4πρ(r)r 2 dr, together with Eqs. (7) and (8), as well as the LE equation, leads to
Finally, eliminating ρ c in Eq (12), we obtains a relation between the mass and the radius of the star [13] 4πM
B. Degenerate gas model
We assume now that WDs are completely described as a electron-degenerate gas with densities in the range of 10 5 −10 8 g/cm 3 [13] . On the other hand, WDs satisfy the degeneracy condition in which the temperature should be much smaller than the Fermi energy
where p F is the Fermi momentum and E 0e 8 × 10 −6 erg (T 6 × 10 9 K), the rest energy of electrons. With this assumption, the electron density distribution function can be given approximately by the Heaviside function and the ensued the electron density as follows:
where is the Planck constant and x = p F /m e c. The pressure of electron gas is given by
where
6.002 × 10 22 erg/cm 3 and
As the gas is neutral, through Eq. (14) we can write the density of the WD in the degenerate gas model as [13] :
where B = E 
where X = √ x 2 + 1. By defining the new variable Φ as
where X c is the value of X at the center of star, and ξ = r/β d with
This LE equation for a degenerate gas, can be solved once ρ c is known and boundary conditions specified: Φ(ξ = 0) = 1 and Φ (ξ = 0) = 0. In contrast to Eq. (10), ξ 10 is the first zero of Eq. (20) so that X(ξ 10 ) = 1. The radius of a WD is obtained as
Similarly, the mass of WD can be obtained by
IV. THE LE EQUATION FOR THE UG MODEL
In order to study the effect of UG on WDs, we must suitably adjust the LE equation.
In this work, we use a method similar to the one of Refs. [1, 4] 
where dM (r) = 4πr 2 ρ(r)dr. For WDs, P (r) ρ(r)c 2 in the non-relativistic (low density) and the ultra-relativistic (high density) limits. In order to show this, we focus on the EoS of WDs in the degenerate gas model (subsection B) at the two limits. In the non-relativistic
Thus, from Eqs. (15) and (17),
Therefore, at the non-relativistic regime or at the low density regions (x 1) we have P ρc 2 . At the ultra-relativistic limit, p F c E 0e or equivalently x 1, the expansion of f (x) can be approximated by ∼ 2x 4 and then
Indeed, the density of WD is 10 9 g/cm 3 , considering ρ = µ e m H n e , the Fermi momentum of electron, k F e = (3π (4), as follows
By employing dM (r) = 4πρ(r)r 2 dr, after a straightforward calculation, the UGHE equation
It is clear that setting α = 1 and G * = G/2 in the UGHE equation leads to the NHE equation, Eq. (4).
In order to obtain LE-modified equation, we include the EoS of both gas models, i.e.,
Eqs. (7) and (8) for the polytropic gas model and Eqs. (15) and (17) for the degenerate gas model, in the UGHE equation. From Eq. (12) we obtain, after some manipulation, the modified LE equation for the polytropic gas model:
From Eq. (22) we get, after some manipulation, the modified LE equation for the degenerate gas model:
In Eqs. (28) and (29), ξ * = R * /β p(d) for the polytropic (degenerate) gas. Choosing α = 1 and G * = G/2, we recover the usual LE equations, Eqs. (10) and (20) . The mass and radius of WDs are calculated by Eqs. (11) and (12) for the polytropic gas model or by Eqs. (21) and (22) for the degenerate gas model at ξ * 10 , the first zeros of the modified LE equations.
V. RESULTS AND DISCUSSION
We consider the UG model for two arbitrary WDs, i.e., SIB and HDB, in the framework of polytropic and degenerate gas models. Table I indicates the values of the mass (M 0 ), radius (R 0 ), and luminosity (L 0 ) in terms of the corresponding parameters of the sun (M S , R S , and L S ), along with data of their effective temperatures. The data of M 0 , R 0 , and T ef f arise from the gravitational redshift method, as quoted by Refs. [16, 17] . The luminosity, L, is given by
where σ is Stefan-Boltzmann constant. Regarding the values of the effective temperature and radius of SIB and HDB, from the corresponding uncertainties, we obtain L 0 and L 0 . Our method consists in using the uncertainties of the relevant quantities to obtain bounds on the characteristic length, R * , and scaling dimension, α, of the UG inspiredmodel. In order to compute the astrophysical bounds on α and R * and to get the new mass limit for WDs, we outlines the adopted strategy. At first, we solve the LE equations, Eqs. (10) and (20) , to obtain for the selected WDs mass, radius, and luminosity, denoted by M 10 , R 10 , and L 10 , respectively. Then, by varying α and R * within the LE-modified equations, Eqs. (28) and (29), we calculate the same observable parameters and accept those values that are compatible with the uncertainties (Table I) . Next, the effect of UG on the Chandrasekhar limit mass is examined. Finally, we depict the effect of UG on the position of a few WDs in H-R diagram.
We set the polytropic index of n = 2.03(1.73) and the core density ρ c = 3.20×10 7 (3.22× 10 6 )g/cm 3 for SIB (HDB). Table II shows the calculated mass, radius, and luminosity. For the same input parameters, that is, ρ c and n, we solve Eqs. (28) and (29) for the different values of α and R * . We select those solutions for which M , R, and L, calculated at ξ * 10 , remain within the observational range as illustrated by Table I , i.e.,
In order to find the allowed region for R * and α, we computed the upper and lower bounds on R * denoted by R + * and R − * , respectively. Figs. 1 and 2 depict the allowed regions of R * and α based on the degenerate and polytropic gas models, for HDB (SIB) (panels (a(b)) ). In order to obtain R + * (R − * ), we use the upper (lower) values of M so that the values of R and L remain within the observational range (cf. Table I ). It should be mentioned that in each portion of the allowed regions we set a fixed value for the uncertainty in M , R, and L. From Eqs. (11), (12), (21), (22), and (30) we obtain R = ξ * 10
for the uncertainty in R,
for the uncertainty in L, and Table III shows the astrophysical bounds on α and R * with respect to data of SIB and HDB. Table III The astrophysical bounds on α and R * with respect to the sample WDs' data. From values in Table III , we see that the allowed values of the UG parameters decrease when the central density, or equivalently the ratio M/R, increases. For example, in the framework of the polytropic model, when the core density increases an order of magnitude, α gets closer to unity by about 4 percent. A stronger behavior is found for R * . For instance, based on the limit values of α for the polytropic model, R * gets reduced by sixty percent with a tenfold increase in the density. As a result, by increasing the M/R, the allowed region for the UG parameters becomes smaller.
We now estimate the effect of UG on the Chandrasekhar mass limit, M Ch . At the ultrarelativistic limit, x 1, from Eq. (16), f (x) ∼ 2x 4 . Hence, using Eqs. (15) and (17), we can write
This EoS corresponds to a polytropic gas with n = 3. With the values of A, B, and µ e , using Eq. (22), the Chandrasekhar mass limit reads
where θ indicates the derivative of the LE solution for the ultra-relativistic polytropic gas model. Hence, from the value of ξ 10 = 6.89679 and θ 10 = −0.04243, we obtain the well known result, M Ch = 1.45M S . When we switch on UG, the value of the first zero of the modified LE equation and of the corresponding derivative are changed and thus we can obtain new mass limits for WDs as a function of α and R * . Fig. 3 illustrates how the mass limit of WDs varies with R * for different α's. As depicted in Fig. 3 , it is possible to have WDs with masses greater than M Ch for different values of α and R * . As mentioned in Sec.
I, the mass of WD 1143+321 is higher than M Ch (M = 1.52M S [6] ). Thus, the existence of this WD can be accommodated within the UG model. As shown in Fig. 3 , the curves get closer to ordinary gravity case when α → 1 ± . Actually, it can be seen that the curves rotate clockwise (counter clockwise) around a point with M = M Ch and R * ∼ 10 −5 R S 7km for α → 1 +(−) (but for α = 1.05). It means for α → 1 ± we can recover the usual Chandrasekhar limit mass independently of the characteristic length of UG for R * 7km. This is achieved without any extra assumption beyond the choice n = 3, ρ c 10 10 g/cm 3 and the ordinary boundary conditions to solve the LE equation, Eq. (28). Notice that Fig. 3 shows for α = 1, that UG-inspired model also predicts that the mass limit for WDs is smaller than the usual value. Fig. 3 and the corresponding data might be thus observationally useful.
Although UWDs (M > 1.1M S ) are rather rare with respect to the ordinary WDs (M ∼ 0.6M S ), they can be observed through gravitational redshift measurements, radius estimates or surface gravity measurements [18] , obtained, for instance, by surveys of the Extreme Ultraviolet Explorer (EUVE) [19] . We apply the UG model on an UWD, namely, EUVE J1746-706. According to the observational data, M = 1.43M S , and M = 0.06M S [19] , and for the UG polytropic gas model (n = 3), the α − R * plot dependence is shown in Fig. 4 . As depicted in Fig. 4 , the tail of the curves is longer than the ordinary WDs.
Although it seems that the curves in both region α < 1 and α > 1 do not meet each other unless for α very far from unity, we expect this behavior for curves of UWDs since we use NHE, Eq. (4), to get the modified LE equation, Eq. (28). We envisage that including general relativity corrections on UGHE might be led to a reliable bounds on the UG parameters for UWDs. It is worth mentioning that the obtained bounds for R * and α are compatible with the ones obtained from the UG LE equation solutions applied for the sun using the 6 percent uncertainty on its core temperature [4] .
At the final step, we show how UG changes the location of WDs in the H-R diagram.
In order to do this, we obtain the bound values of R * and α for a few WDs with respect to their mass and radius and the corresponding uncertainties [16, 17, 20] and compute their luminosity. Table IV [16, 17, 20] . In conclusion, we have considered the UG hydrostatic equilibrium equation in the framework of polytropic and degenerate gas models for selected WDs, from which we obtain bounds on the characteristic length, R * , and scaling dimension, α, of the UG model. For ultra-massive WDs, in order to get reliable bounds on the UG parameters, one may include general relativity corrections in UG hydrostatic equilibrium equation. The effect of UG shows that WDs heavier than the Chandrasekhar mass limit might exist. The location of WDs in the H-R diagram is also shown to be affected by UG. [16, 17, 20] . The solid, dashed, and dash-dotted curves corresponded to α = 1, α > 1, and α < 1, respectively.
